Conditions for divisibility of class numbers of algebraic number fields by prime powers are explored and linked to the existence of integer solutions of certain cyclotomic polynomials module a given rational integer. Several applications are provided, including a generalization of the Fermat "two-square theorem."
The purpose of this paper is twofold. In the first section we provide sufficient conditions for the divisibility of the class number of certain algebraic number fields by prime powers and applications thereof. We were initially inspired in this regard by Watabe [ 111, wherein some of the results are false thereby leading to the above.
In the second section we generalize Fermat's well-known "two-square theorem." We then apply the results of the first section to the latter result to obtain a connection between the existence of an integer solution to the 2 pth cyclotomic polynomial modulo n and the divisibility of the class number of Q(E& (for all primes q dividing n) by p-powers and the divisibility of the class number of Q(E,, fl) by 2, where q* = (-l)'"-"'z q.
CLASS NUMBERS OF ALGEBRAIC NUMBER

FIELDS
We let K denote an algebraic number field, and let h(K) denote its class number. Suppose that q is a prime and F,, a primitive qth root of unity, is in K. Let L be a cyclic Kummer extension of degree q over K, with Galois group G(L/K) = (a). A n e ement 1 C of the ideal class group of L is called ambiguous over K if C = C". Now set q* = N,,,(L) n U,, where U, denotes the unit group of the ring of integers of K, and NLIK is the norm map for L over K. Let 1 of * : Vi\ = q'; g = the number of K-primes ramified in L; f = the number of fundamental units in K; and let A = the number of ambiguous classes for L over K.
A tool which we shall use in this section is the following lemma for which the above notation is in force.
Proof. (I) is proved in Hasse [S, p. 981. (2) and (3) are proved in Moriya [9] .
The above notation is in force for the following result. THEOREM 1.1. Let K be an algebraic number field with c complex primes and t real primes.
Suppose that
(1) c,, is in K but E, ,,,+, is not in K, where q is a prime and m is a positive integer; (2) F is a finite Galois extension of K ~7 F in which some finite K n Fprime is totally ramified; (3) F has a subfield F, of degree q over K (7 F; and (4) all finite K (7 F-primes which ramifv in F, are completely split in K(E,,,, ,,) where a > 0. Let d denote the number of finite K (7 F-primes rl,hich ram$y in F, . (ii) For a > 0: if either 4 = 0 or 4 is odd then 7" ' (h(KF).
7" + ' / h(KF,) and
Proof: From (1) and (3) we get that KF, is a Kummer extension of K of degree q, so KF, = K(fi) f or some non-zero a in K but not in KY. From (4) it follows that g > d (K: K ~7 FI. Moreover. we have f = c + t -I by Dirichlet's unit theorem. Therefore e + g -f -2 2 e + d /K : K n F / -r-.t-l=e+t.
(i) For a=O:e>,O and since either d > IKnF:QI or IK:KnFl>,c+r+ 1 by (4) then t:>CI. Thus e+g-f-22620, and so by Lemma 1.1 q&(h(KF,). Furthermore from (2) and (4) it follows that some finite K-prime is totally ramified in KF,. Thus by Iwasawa 17.11 we get that q61 h(KF).
(ii) For a > 0 : we first show that sqm is in q* = N,,,(L) n 17, where L = KF, . Let (a, E,,& denote the norm residue symbol at the K-prime a (see [3, pp. Now we provide applications of Theorem 1.1 which cannot be obtained from the corollary.
More applications. (A) Let K = Q and let F = F, = Q(fi) where n is a square-free integer. Assume that d finite primes ramify in F where d > 1. By Theorem 1.1(i) we have 2d-21h(F). M oreover, if we restrict all finite primes which ramify in F to being only primes congruent to 1 modulo 4 then we may apply Theorem 1.1 (ii) to get 2d-' ) h(F).
These results are fundamental for quadratic fields (e.g., see 16, Section 3, p. Vl l-121).
(B) Let K=Q(<) h m w ere m < -1 is a square-free integer, and let
where n is a square free integer. Assume that all d finite primes which ramify in F are completely split in K. By Theorem 1.1(i) we have 22d-2jh(KF). If we place a further restriction on the primes which ramify in F, viz., that they are all congruent to 1 modulo 4, then by Theorem 1.1 (ii) we have 22d-' 1 h(KF).
It is interesting to compare the results of (B) with those of (A).
(C) Let K be an algebraic number field containing E, where q is a prime, and suppose that m is a q-power free integer divisible by at least two primes all of which are completely split in K. Let F = K( @) then we may apply Theorem 1.1(i) to get qd~"-*-'jh(F).
In particular if K = Q(E~) then q d-(q-3)'2 Ih(F). We note that C. Parry and C. Walter [ 10, Theorem S] have provided necessary and sufficient conditions for h(F) to be relatively prime to q for q > 2. Some of the conditions are that m is divisible by no more than two primes, and that the order of any plm, p # q, must be non-trivial modulo q. We note that in our case if m is divisible by exactly two primes then the orders of these primes are trivial modulo q. THEOREM 1.2. Let K be a cyclic extension of k of p-power degree where p is a prime and assume that if k f K then exactly one k-prime ramifies in K and that this prime is in fact totally ramified in K. Suppose that q = 1 f 2p', t > 0 is a prime, and assume that q has only one K-prime above it. Then the following are equivalent (i) pi h(k), (ii) pi h(K), and (iii) p( h(K(c4 + E;. I)). Moreover, tfp = 2 and K is totally non-real, i.e., 4 = 0, then the following are equivalent: (i) 2 I h(k), (ii) 2 (h(K), and (iii) 2 I h(K(e,)). ,) ) then since K is non-real and q is a Fermat prime above which there is only one prime in K then 21 h(k) by [7, II] , as in (i) 21 h(k).
Conversely 2 (h(k) implies 2 / h(K(&,)) as in (i).
We note that one direction of Theorem 1.2 for p = 2 is similar to Ill, Theorem 2 I. However, the latter is false. Here is a counterexample. Let K = Q(E*~), k = Q(eZ9 + ET:), and q = 3 in [ 11, Theorem 21. By Bauer [l]-h(k) = 1, and since 3 is inert in K then by Watabe's theorem we get 2,j'h(K(e,)). However, 2 1 h(Q(e29)). In fact h(Q(e2s)) = 8 (see [ 2, p. 429 1).
Since the K-prime above 3 is totally ramified in K(EJ then by Theorem 1.2, 2 1 h(K(s3)), contradicting Watabe. The error in Watabe's proof [ 11, p. 2151 stems from ignoring the possibility of having an infinite prime ramify as well as a finite prime, thus invalidating Watabe's use of Iwasawa [7, II] . The theorem, however, will hold if k is restricted to being non-real. Moreover, we note that as a result of the above then [ 11, Example II] is false as well. (Take K to be the subfield of Q(s19) of degree 4 over Q, and take q = 5. Then by [7, I] and k=Q.) In particular if p = 2, i.e., q is a Fermat prime, then 2th(Q(c, + E; I)).
(II) Now we use Theorem 1.2 to show that 2th(Q(&,)) for q = 1 + 2'.
When t = 1 the result is well known. We assume t > 1. Let p be a prime such that p = 3 (mod 4) and p = g (mod q) where g is a primitive root modulo q. Such a prime exists by the Chinese remainder theorem and Dirichlet's theorem on primes in arithmetic progression. Since p = 3 (mod 4) then
W(Q(fi)) (see [Z Th eorem 4, p. 3461). Since p is a primitive root modulo q > 3 then q is inert in Q(G). Thus the Q(G)-prime above q is the only such prime ramified in Q(E~, 6).
By Theorem 1.2 we have
W(Q(~,~J-p)).
s ince p is a primitive root modulo q then only the Q(&,)-prime above p ramifies in Q(E~, fi).
Thus by Theorem 1.
2, 2th(Q(c,)). (III)
Let K = Q(E~(E~s + 3 + E;'S + 3)) where s > 0. Then K is a nonreal subfield of Q(E~s + 3). We claim 2th(K). Suppose 2)h(K). Then by Theorem 1.2, 21 h(Q(cZs + 3)). H owever, this is known to be false (see Weber [lo] ). Thus 2kh(K). Let q be any Fermat prime inert in K. Then by Theorem 1.2, 2) h(K(&,)).
(IV) We conclude by noting that the following result is immediate from Theorem 1.2. This result was first proved by Furtwangler in 1911 as an extension of Weber's theorem (ibid.) for the odd prime case.
A GENERALIZED FERMAT THEOREM
Fermat's "two-square theorem" says that a prime q is expressible as the sum of two squares if and only if -1 is a quadratic residue modulo q (see 141). It can be shown that for an arbitrary positive integer n this extends to the following, which we will have occasion to prove later.
(2.1) If (x2 + 1) = 0 (mod n) is solvable for some integer then n = a2 + b* for some integers a and b.
(2.2) Conversely, if n = a* + b2 with a and b being relatively prime then ,Y* + 1 E 0 (mod n) is solvable for some integer.
We wish to generalize (2.1) from the p = 2 case to the case of an arbitrary prime p. In proving (2.1) the following fact may be used. It is natural therefore to generalize (2.3) first. We isolate this result since it is of independent interest and we are able to apply the results of Section 1 to obtain a corollary which yields additional information.
In what follows $,Jx) shall denote the kth cvclotomic polynomial. In particular we shall be interested in case k = 2p; i.e., 42p(x) = x"-' -.Y"-' + sP.-3 -. . . -x + 1 for p > 2, and #2P(x) =x2 + 1 for p = 2. THEOREM 2.4. Let n be a fixed positive integer and let p be a prime: then the following are equivalent:
(1) #&+O ( mo n is solvable for some integer. d 1 (2) All primes q dividing n are such that q E 1 (mod 2p) or q = p. If p = q then p*%n.
(3) All finite primes which ramify in Q(E,,) are either complete@ split or ramified in Q(sZp).
Proof. The equivalence of (2) and (3) is well known (e.g., see ]S, pp. 39-48]), so we prove only the equivalence of (1) and (2) . The equivalence of (1) and (2) is also known but we include a proof for lack of a convenient reference.
First assume (1). Then mzp E 1 (mod n) since mzp -1 =4*,(m) . o,(m) . (m'-1). Thus m _ 2p = 1 (mod q) for all primes q dividing n. Therefore the order, d, of m modulo q is a divisor of 2p. By (l), d # 1 unless possibly p=2 in which case q=p. If d=2 then by (1) q=p. If d=p then q= 1 (modp) and so q z 1 (mod 2p) for p > 2, whereas if p = 2 then by (1) q =p = 2. If d = 2p then q = 1 (mod 2~7). If p = q then if o,(m) is exactly divisible by p" it follows that ti2(mp) is exactly divisible by pa+'. However. 42pW = 42W)l#2(m) so P*%n.
Conversely, assume (2); i.e., n =p'oqT~ .a. qyr where qi z 1 (mod 2p) for all i = 1, 2,..., r and a, > 1 for i = l,..., r; and u0 < 1. From the Chinese remainder theorem it follows that it suffices to find an integer solution to g&,(x) ES 0 (mod q;') for i = 1, 2,..., r. Let m, be an integer of order 2p Now if q =p then by hypothesis a, = 1 and so we choose an integer m, such that m, 3 -1 (modp). Therefore we have #2,(m,,) = 0 (modp).
The following result links the results of Section 1 with the above known result.
COROLLARY 2.5. If&,,(x) G 0 (mod n) has an integer solution then for all primes q # p dividing n we have p (p-3'12 1 h(Q(epJ) for p > 2 (respectively, P I h(Q&J) for P = 2).
Proof By the equivalence of (1) and (3) in Theorem 2.4 we have that the hypothesis of Corollary 1.2 is satisfied. The result follows.
The following theorem generalizes Fermat's "two-square theorem." THEOREM 2.6. Suppose (*r(x) = 0 (mod n) has an integer solution and h(Q(fl))=l wherep=p*forp>2andp*=-Iforp=2.Moreover,if p > 2 and q is a prime dividing n with q E 3 (mod 4) then q appears to an even exponent in n, then we have n = a2 -p*b* where a and b are integers.
Proof
It suffices to show that q = a2 -p*b* for each prime q dividing n since we have that (c* -p*d*)(e* -p*f ') = (ce -p*df)* -p*(de -cf)'.
However, since #*Jx) E 0 (mod n) is solvable for some integer then by Theorem 2.4 we have that all primes dividing n are congruent to 1 modulo 2p or equal to p. If q/n such that q G 1 (mod 2p) and q E 1 (mod 4) then n(y) = N(a + fib) = a2 -p*b* = q where a is a Q(e)-prime above q, and 7 = (a + @b) since h(Q(fl)) = 1, with a + @b an element of the ring of integers of Q(@).
If p E 3 (mod 4) then a and b are integers. If p E 1 (mod 4) then 2a and 2b are integers. Assume in this case that a = c/2 and b = d/2. Then 4 E 4q E c* (mod 4p) which implies that c is even; and so d is even. This completes the case q z 1 (mod 2p) and q = 1 (mod 4).
By hypothesis, if q z 3 (mod 4), q z 1 (mod 2p) and p > 2, then q appears to exponent 2a, say. Thus in this case q*' = (q")* -p*O*. Finally, if q =p then for p > 2 we have by Theorem 2.4 that q = 1 (mod 4). Then p = (pa)' -pb2 where b2 -pa* = -1 for integers a and b. If p=2 thenp= 12+ l*.
We note that the converse of Theorem 2.6 fails. Here are counterexamples: Let p be a prime with h(Q(&)) = 1, and let n = uz -pb2 where p > 3 and uz f 1 (mod 2~). For p = 3 take n = 54 = 9* -3 . 3*. Clearly q f I (mod 2p) for each prime q dividing n where p > 3, and 2 f 1 (mod 3) where 2(n for p = 3. Therefore by Theorem 2.4 we have that Q2,(x) E 0 (mod n) does not have an integer solution. This means that we cannot generalize (2.2) to the p > 2 case. The reason for this becomes clear when we examine Theorem 2.4. The only primes p for which the converse of Theorem 2.6 could hold would be those primes p such that q = 1 (mod 2p) for all primes q fp dividing a given n. There are only two primes for which all quadratic residues are congruent to 1 modulo 2p, namely, p = 2, 3. The p = 2 case is (2.2). The p = 3 case requires a slight restriction. We combine the two cases in the following result which provides a form of the converse of Theorem 2.6 which holds, and provides a short straightforward proof of (2.2) as well. Proof. We have p* = a*/!* (mod q) for all primes q dividing n, where p* = -1 for p= 2 and p* = -3 for p= 3. (b, 2) = 1 can be assumed in either case and since (a, b) = 1 then (b, q) = 1 so we may in invoke 13, 1.5. p. 3491 to get that p* is a square in Qq, the completion of Q at q, for all primes p # 2, p. Thus Q, = Q,(n) for all q # 2, p dividing n. Since n must be odd for p = 2 or 3 then we have shown that all q dividing n are congruent to 1 modulo 2p, or q =p. We may invoke Theorem 2.4 to secure the result.
Although Lemma 2.7 gives us conditions for an integer solution to #4(x) = 0 (mod n) and #6(x) EE 0 (mod n) it does not explicitly give us the solution. We conclude therefore with a method of determining such explicit solutions. We shall provide the details for the determination of solutions to 4,(x) = 0 (mod n), under minor restrictions. The calculation for d4(x) = 0 (mod n) and #6(x) E 0 ( mo n is similar. We leave this as an exercise for d ) the reader. 
